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Abstract: This work aims to propose a framework for the phase space representation of quantum coherence in 

matter. The central thesis of this work is that quantum coherence could result from weak time-periodic forcing 

in the absence of other types of interactions (or measurements) from the environment. Therefore the Floquet 

formalism is employed to depict the coherent quantum system. A phase space representation for coherent 

quantum systems is formulated and the resulting three uncertainty principles are presented. The mathematical 

structure for quantum coherent transport is constructed via a non-equilibrium thermodynamic approach. The 

framework presented in this paper is targeted towards the development of nanosystems and other elements; 

employed to design systems for quantum computing. 
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I. Background 
Critical quantum mechanical phenomena in quantum computing are; entanglement, superposition and 

tunneling. These phenomena are closely linked to quantum coherence. Quantum systems exist in a coherent 

state prior to collapsing into a single quantum state. This process of collapse called decoherence usually occurs 

when the quantum state interacts with the environment and loses energy or undergoes measurement. Thus in a 

coherence state, the quantum system loses its discreet properties and becomes continuous similar to a classical 

system. Some interesting examples of quantum coherence in matter are superfluidity or Bose-Einstein 

Condensate [1] and superconductivity [2]. In quantum optics, Sudarshan (1963) [3] and Glauber (1963) [4] laid 

the foundations of the quantum theory of coherent light and their P-representation provided the phase space 

formulation of such systems. These theories led to a significant development in laser science and the physics of 

non-classical light [5].    

Explanations on biological processes often revolve around ideas from quantum mechanics [5], [6]. For 

instance: explanations on the olfactory mechanism [7] dynamics of photosynthetic transport in plant [8] and 

theories on avian magnetoreception [9]. In these processes, ideas involving quantum entanglement, 

superposition and tunnelling are often employed. In addition, to provide a solid theoretical framework for 

energy transfer mechanisms in biological systems, quantum analogues of thermodynamical systems such as heat 

engines have been developed. In the quantum version of heat engines, instead of steam and heat coherent 

electrons and photons are utilized [10]. Thus, quantum coherence has been employed conceptually to explain 

many observations in physics as well as biology. However, the mathematical foundations of quantum coherence 

in matter remain vastly unexplored.  

The main aim is to propose a theoretical framework for the phase space representation of quantum 

coherence in matter. The primary hypothesis used in this work is the idea that quantum coherence results from 

weak time-periodic forcing in the absence of other types of interactions from the environment. Therefore it is 

possible to represent a coherent quantum system in terms of Floquet formalism [11]. Subsequent theoretical 

arguments and constructs based on this idea are presented in this paper.  

This paper is organized as follows: Section 2 and Section 3 provide details on the Floquet formalism 

for coherent states in quantum systems. Section 4 introduces the phase space formulation of coherent quantum 

states while Section 5 presents details regarding the coherent phase space transform. The uncertainty principles 

which results from the mentioned phase space formulation are given in Section 6. Section 7 discusses the 

dynamical aspects of the coherent transport of matter within a non-equilibrium framework. Finally, this paper 

ends with some concluding remarks and suggestions for future works. 

 

II. Floquet Formalism & Coherent States 
Quantum coherent states can be thought of specific states of the quantum harmonic oscillator. In these 

states, the harmonic oscillator loses its discreet quantum properties and adopts the behaviour of a classical 
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harmonic oscillator. Therefore quantum systems in coherent states have minimum uncertainty which could be 

shown by proving the squeezed uncertainty principle. A coherent quantum state,   is defined as follows:           

  )0()( aeta ti    where     C        (1) 

where w is the angular momentum. In the Schrödinger picture the coherent state,   can be described as:  

)0()(  tiet             (2) 

such that )()()( ttta    resulting in )(ta  . In this approach the Schrödinger equation 

becomes:
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where )(t is the wave function of coherent state  , H(t) is the Hamiltonian, m is the particle mass and 

 is the Planck’s constant. A similar approach could be carried out using the Floquet formulation. Let )(t  

be the Floquet wave function. Then the Schrodinger wave function, )(t  could be transformed from the 

)(t as follows: 

)()( / tet ti   

         

            (4) 

where   is the Floquet quasienergy. Here analogues from equation (2) are drawn by setting    and 

)0()(  t  resulting in )()( tet ti   .  Setting t = 0, this equation 

becomes )()0()0( tee titi   
 . Note that )0()(   tiet

  is similar to the quantum 

coherent transformation in equation (2). Similarly this would result in the following Schrodinger equation:  

),(),()( txtxtH            (5) 

Therefore quantum coherent states could be accurately described using the Floquet wave function, 

),( tx . It is important to note that when the Floquet formalism is employed in the coherent case, the   in 

equation (5) is not the Floquet quasienergy ( ) but another form of coherent quasienergy (which arises 

similarly as the Floquet quasienergy arises when the Floquet transformation is carried out). 

 

III. Floquet-Type Schrödinger Equation 
The framework presented in this work is built from the premise that quantum coherence could result 

from weak time-periodic forcing in the absence of other interactions or measurements. Initially Schrodinger 

equation is defined as follows: 
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where the time-periodic potential is defined as follows: 

)cos(),( 1 tVVtxV o                 where               bxa            (7) 

According to the Floquet theorem, the wave function from a time-periodic system has the form of equation (4) 

where )(t
 
is periodic such that )()( Ttt  

 
with the period   /2T  with   is its Floquet 

quasienergy. As mentioned in the previous section, in this work   is replaced by   which is the coherent 

quasienergy. The energy of the system, that E   is usually defined as by  nE   where n can be 

defined as the n-th side-band energy.  Since in this work the energy of the system describes coherent states, E is 

defined in as its minimal side-band energy, n = 1: 

 E            (8) 

Performing the Floquet transform (equation (4)), the resultant Floquet-type Schrodinger equation employed to 

describe coherent states is as follows: 
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Via separation of variables, Equation (9) is split into the following differential equations: 
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These differential equations yield the following solution for the given potential boundaries: 

  qx

o

qx

o ebeatEitx  /)(exp),(   where 
2/)(2   oVmq                  (12) 

where oa and ob are constants. Therefore using this approach, the obtained Floquet wave function ),( tx is 

used to describe the coherent state of a quantum system.  

 

IV. Phase Space Formulation For Coherent Quantum Systems 
In the phase space formulation of quantum physics introduced in Wigner (1932)

 
[12], the Fourier 

transform is employed to transform the position operator, x̂  into the momentum operator, p


. Therefore 

quantum density functions, ),( tx  could be represented in a classical setting or phase space as ),( tp  with 

the aid of the Wigner transform. Although this is possible with standard quantum systems, to the best of the 

author’s knowledge classical representations for coherent quantum systems are not well explored. Such a 

classical representation or a phase space formulation for coherent quantum systems is what this work aims to 

establish. As mentioned previously, the momentum operator could be obtained by the complete Fourier 

transform of the position operator.   Similarly the relation of energy to momentum and position is considered. 

Energy could be thought of as the rotation of momentum and space in a quantum setting. It is known that 

E  and p  k with k as the wave number (vector). Considering k to be one-dimensional the vector 

notation could be omitted giving kp  . Since the phase velocity, pEkvp //   therefore: 
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If we define the rotation, tR    , then the energy, E  could be formulated as follows: 











kt
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RE                                                              (14) 

 

Therefore energy could be thought of as the rotation of momentum, p or space (wave number), k.  

Since the phase space representation of collapsed quantum systems is a complete Fourier transform, it is 

reasonable to conjecture that coherent (or non-collapsed) quantum systems could be represented by some form 

of partial Fourier transform such as the Fractional Fourier Transform
 
[13]. The Fractional Fourier Transform, 

F  of a function )(tf  is given as follows: 
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  dttuKtfuFtfF ),()()()(  




                    where,

 























































)12(

2

)(

)(

csccot
2

exp
2

cot1

),(

22

n

n

n

if

if

if

ut

ut

iut
ut

j
i

tuK

      

           (16)  

where Nn  and )(  is the Dirac delta function. Since the Fractional Fourier Transform is a rotated Fourier 

transform, thus the resulting phase space would not be momentum-space but rather an energy-space. This is 

because as mentioned previously, energy can be defined as the rotation of space or momentum.  
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V. Coherent Phase Space Transform 
In this section the formulation of the proposed phase space transformations for coherent quantum 

systems is discussed. The Fractional Fourier Transform is utilized to transform the coherent quantum system to 

the coherent phase space:    

),(),(: ttxF  
 

                    (17)  

where ),( tx is the Floquet wave function used to represent the coherent quantum system, ),( t is its phase 

space counterpart where 
 
is the coherent energy. As mentioned in the previous section, the fractional Fourier 

Transform maps the coherent quantum wave function to its energy space.  The coherent phase space 

representation of equation (12) is shown in this section. Firstly, the Floquet wave function, ),( tx  decomposed 

into its time and spatial components )()(),( xgtftx  where: 
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Therefore the transformation for )1,0( would yield: 
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It should be noted that the phase space trajectory ),( t
 
is in complex form. If 1  is fixed, then 

the transformation becomes the conventional Fourier transform where the Floquet wave function is transformed 

to its counterpart in momentum-space. Conversely, by setting 0  , no transformation takes place and the 

Floquet wave function remains the same.   

It was previously established that the Floquet wave function employed here depicts a quantum system 

in coherent form. Hence the parameter   gives a measure on the degree at which the coherence affects its 

classical trajectory. For instance, if the coherence effects are minimal classically then 1  and the coherent 

wave function would be transformed to momentum-space. On the contrary, if the level of coherence highly 

influences its classical trajectory, then )1,0(  (or in the extreme case, 0 ) where the coherent wave 

function would be transformed to energy-space. This brings up the interesting notion that the coherence in 

quantum systems affects their classical representations on various degrees (depending on  ). 

In the Wigner’s phase space formulation, the construction of phase space probability distributions were 

plagued by problems arising from Heisenberg’s Uncertainty Principle.  This is because the Uncertainty Principle 

poses various restrictions on the simultaneous measurements of position and momentum. To resolve this issue, 

Wigner introduced the concept of pseudo-probabilities giving rise to the Wigner distribution [14]: 

dyetyxtyxtpxP ipy 
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where ),( tx is the wave function and ),(* tx  its corresponding conjugate. In this work, such pseudo-

probabilities are constructed for the coherent phase space using a fractional framework. It is well known that the 

Wigner Transform originates from the Fourier Transform. Similarly the Fractional Wigner Transform 

corresponds to the Fractional Fourier Transform. The Fractional Wigner Transform could be obtained by 

performing a rotation operation on the function (i.e. Wigner Distribution) obtained from the conventional 

Wigner Transform
 
[15]: 

),(),(: yxWyxWR    
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where ),( yxW is the Fractional Wigner function and. R  is the rotation operator.  The remaining of this 

section consists of the construction of the pseudo-probability distribution for coherent quantum systems via the 
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Fractional Wigner Transform. The conventional Wigner Transform is applied to the coherent wave function, 

),( tx : 
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After some mathematical derivations (Appendix A), the following relation is obtained: 
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The Fractional Wigner Transform is then carried out by applying the rotation operator to the Wigner distribution 

in equation (24). By substituting  sincos  xx and  cossin  x  , the following distribution 

is obtained: 
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The form of the Wigner function obtained in equation (25) is not very useful since it takes only infinite or zero 

values. Therefore we depict equation (25) in a series representation given as follows: 
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Taking  





m
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cossin , the series is expanded as follows: 

 

 














k

o

k

o

kika

ikaxW

)sin()cos(

exp),(

2

2

     
           (27) 

This way the Wigner function, ),(  xW  is split into its real and complex components. It should be 

noted that the Wigner function must be real throughout. Thus, the complex part of the Wigner function is 

neglected resulting in: 







k

o kaxW )cos(),( 2      
                                    (28) 

When the Wigner function takes negative real values, then it can be interpreted as the level of 

interference or coherence of the quantum system. As can be seen in equations (20) and (27), in this work the 

Wigner function takes on complex values. Although the complex part of equation (27) is neglected for the sake 

of practicality, nevertheless its physical significance is worthy of further consideration. Besides, there is 

currently no physical explanation for a complex-valued Wigner function in phase space. One may conjecture 

that the complex-valued Wigner function may be the manifestation of macroscopic coherence (or macroscopic 

non-classical states) as seen in some experiments
 
[16]. 

 

VI. Uncertainty Principles 
In Fourier analysis, the principle that a signal cannot be localized simultaneously in time and frequency 

gives rise to the uncertainty principle. Similarly the Heisenberg’s Uncertainty Principle could be arrived upon as 

a direct result of the phase space Fourier Transform relating position and momentum
 
[17]. As with the 

conventional Fourier Transform, uncertainty principles also arise in effect of the Fractional Fourier Transform 

[18].  

The Fractional Fourier Transform was employed in this work to formulate the phase space transform 

for coherent quantum systems. Hence it is inevitable for uncertainty principles involving position, x and 

coherent energy,   to emerge from these coherent quantum systems. In Guan-Lei et al., (2010)
 
[18], rigorous 

derivation of the uncertainty principles were presented. In that same work, it was shown that unlike the 

conventional Fourier Transform, the Fractional Fourier Transform produces three uncertainty relations. 
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Uncertainty in the conventional Fourier sense refers to the concept of statistical variance of the related variables. 

This sort of uncertainty is portrayed in Heisenberg’s Uncertainty Principle: 

2
)()( 22 
px                      (29) 

where the variance )(2   represents the uncertainty in the physical variables position, x and momentum, p. The 

application of the Fractional Fourier Transform causes the emergence of two types of uncertainties: variance, 

)(2   and distortion (group-delay), )( : 
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where )(xf is the function resulting from the Fractional Fourier Transform of x with the angle,  . In the 

inequalities presented in this section, the term, V and sgn (V) are defined as follows:  
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Provided the variances are defined: 
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Then, the first inequality (variance-variance) is given as follows: 
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where   and   are the Fractional Fourier Transform angles. Since in the coherent phase space transform only 

has a single angle and its transforms x , )(f  does not exist. This could be imposed by setting 0  

to arrive at the following uncertainty relation: 

 
4

sin
)()(

2

22 
 x

   

                (35) 

Given that the distortions are defined as the following: 
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The second resulting uncertainty (distortion-distortion) is as the following: 
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Setting the angle 0  yields the following uncertainty principle:  
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The variance and distortion are defined as follows: 






 dxxfxx
222 )()(    and  





 






d

d

df
2

)(
)(                (39) 

The third inequality (variance-distortion) resulting from the Fractional Fourier Transform is given below: 
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Setting the angle 0  results in: 
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Interchanging the variable definitions for variance and distortion produces the same results:  

 
4

cos
)()()()(

2

22 
  xx

                

                        (41) 

Details on the derivations of the inequalities (31), (34) and (37) resulting from the Fractional Fourier Transform 

is provided in Guan-Lei et al., (2010) [18].  Therefore the three main uncertainty principles obtained are: 

Variance-Variance:  
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VII. Non-Equilibrium Thermodynamics & Coherent Transport 
Quantum systems in coherent states are very delicate and highly sensitive to interactions (or 

measurements) with the environment. Any such interactions would annihilate coherence causing the quantum 

state to collapse. Therefore transport phenomena of quantum systems in coherent states are very unlikely and 

difficult to achieve without the system undergoing quantum collapse. One theory that proposes a systematic 

mechanism for this phenomenon is ‘noise-assisted transport’[19], [20]. In noise-assisted transport, a coherent 

quantum system is exposed with certain levels of noise sufficient enough to cancel-off the influence of the 

environment and sustain coherence of the quantum system. If the quantum system is exposed to high levels of 

noise, the noise would then act similar to the environment and cause the quantum system to collapse. On the 

other hand, if the amount of noise introduced is too low, then there would be no transport although the 

coherence of the quantum system is sustained (assuming the system is devoid of interactions from any other 

external environments). Thus the idea of noise-assisted transport is a very attractive and consistent theory that 

explains quantum coherent transport. 

In this section, the mathematical description of noise-assisted transport is presented within the 

framework of the coherent phase space formulation. Quantum systems in coherent states are not in dynamical or 

mechanical equilibrium. It can be stated that these systems go into equilibrium when they undergo quantum 

collapse. Therefore in this work, a non-equilibrium thermodynamical approach is employed to describe coherent 

transport. The closeness between quantum coherence and classical systems enables the utilization of a 

thermodynamical approach with minimal glitches. In addition, the coherent phase space represents classical 

dynamics at which thermodynamical constructs (e.g. work and force) should hold.  

This approach follows closely the Bochkov-Kuzovlev framework
 
[21] as described in Campisi et al., 

(2011)
 
[22]. It should be noted that unlike those research works, the non-equilibrium approach in this work does 

not attempt to formulate or prove quantum fluctuation relations. In Campisi et al., (2011)
 
[22], the issue that 

work is not a quantum observable is raised. This argument does not surface since the work defined here is 

purely random classical work. This work is applied to the coherent phase space for transport (noise-assisted 

transport).   

In coherent phase space, the coherent energy,   is seen similar to the Hamiltonian of the system. Due 

to coherence, the quantum system does not have a fixed position but rather randomly distributed positions. 

Consider a non-equilibrium system undergoing quantum walk between two random points ox  and 1x in the 

coherent phase space: 

  );,();,(:; 111 txtxx oooo                      (43) 

where  ;ox
 
is the flow dependent on the initial condition and external force,  .  The system’s quantum 

walk depends on the introduction of external random work, 
ow  defined as follows: 
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Following the derivations presented in Campisi et al., (2011)
 
[22] by assuming microreversibity the following 

inequality for work is obtained: 

0
ow

 

                     (45) 

This means that on average the driven system would only absorb energy if it is perturbed out of 

equilibrium. This could be viewed as a version of the second law of thermodynamics.  It is known that 

microreversibity is a property that is common to non-driven systems described by a time-dependent Hamiltonian
 

[23]. The Floquet formulation is employed in this work to obtain the coherent wave function, ),( tx . Therefore 

reversibility exists albeit in a periodic fashion due to the weak-driving with period, T: 

 ),(),( Ttxtx 
                    

(46) 

Rigorous derivations using the microreversibility principle is not carried out in this work since its only 

significance is in equation (45). Besides, as mentioned previously this framework does not involve fluctuation 

relations where the microreversibility principles would be indispensable. The probability of work when a force, 

  is applied to a coherent system could then be expressed as: 

       
2
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;;,];[ 11

x

x
ooooooo dxtxtxwxWxP  
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where ox is randomly sampled from the pseudo-probability distribution, W  obtained in equation (28). 

 

VIII. Conclusions & Future Research Directions 
Quantum coherence is the core of quantum computing. The formulations presented in this work aim to 

construct foundations to enable the manipulation and preservation of states in quantum computing devices. Such 

manipulation is only possible if we understand the classical effects and dynamics of quantum coherence. The 

fractional phase space transform and the uncertainty principles presented in this work does exactly this.  

Equipped with the pseudo-probabilities the mathematical framework to describe noise-assisted transport is 

shown within the non-equilibrium thermodynamic framework. 

The Floquet formalism presented was employed to represent coherent quantum systems which result 

from weak periodic driving. It was shown that consequently these systems could be studied in a phase space 

setting via the utilization of Fractional Fourier Transforms. The phase space transform then gives rise to three 

uncertainty principles uncovering a new form of uncertainty: distortion (or group delay). In addition, the 

Fractional Wigner Transform could be used to obtain the pseudo-probabilities in phase space. Equipped with the 

pseudo-probabilities the mathematical framework to describe noise-assisted transport is shown within the non-

equilibrium thermodynamic framework.  

Investigations into conditions influencing the parameter   could shed some light on the quantum 

coherence-classical mechanisms. This could be very useful for minimizing or maximizing classical effects 

produced by coherent quantum systems. Another interesting avenue of research is the complex form of the 

phase space trajectory and pseudo-probability obtained in equations (20) and (27). The physical conditions and 

implications of these complex forms could be investigated further. The conjecture that these complex forms 

indicate the presence of macroscopic quantum coherence should be verified. In addition, further research efforts 

could be directed towards a consistent incorporation of microreversibility into the proposed framework.  

Noise-assisted transport provides a strong theoretical framework for describing quantum coherent 

transport. Nevertheless this framework and the formulations presented in this work do not account for time 

albeit it plays a critical role in the process of quantum coherence. Thus findings of Wheeler’s delayed-choice 

experiments (retrocausal phenomenon) [24], [25], [26] should not be discounted when exploring quantum 

coherence. Further theoretical and empirical research into this aspect of quantum coherence would be very 

useful for increasing our understanding of this phenomenon. Further experimental works involving the classical 

representation of quantum coherence phenomena would be required to validate the mathematical framework 

presented in this work. A more complete understanding of quantum coherence in matter would lead to more 

efficient engineering of quantum systems - especially in fields such as nano and quantum-computing.   
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Therefore the composite function is as follows: 
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The delta function could be defined as follows: 
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Since 0 , therefore: 
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From equation (12),  
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Weak initial driving potential is set such that  oV . Therefore, 
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Therefore Equation (A6) is solved by using the Fourier Transform definition: 
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By the delta function property: 
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