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Abstract: In this paper some products of k-Pell number and k-Pell-Lucas number are investigated .It also 

present generalized identities on the product of k-Pell and k-Pell-Lucas numbers to establish connection 

formulas between them with the help of  Binet`s formula.  
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I. Introduction 

Past several years have witnessed serious and sincere devotion of the scholars towards the study of the 

Fibonacci sequence, a well known sequence of numbers. A considerable amount of research work has been done 

in this regard and many papers have  also been published. All of these exhibit eminence of Fibonacci sequence 

such as the work of Hoggatt in [7] and Vorobiov in [1], among others also relating with Fibonacci sequence in 

Falcon and Plaza [6]. The Fibonacci sequence belongs to group of sequences which are defined recursively .The 

sequence of Pell, Pell-Lucas and Modified Pell number also fall in this category. 

For any positive real number k, The k-Pell sequence {Pk,n} [2] defined as  

                         Pk,0 = 0 ,Pk,1=1, 

                         Pk,n+1=2Pk,n+kPk,n-1; n≥ 1                                                                                                    [1] 

The k-Pell-Lucas sequence {Qk,n}[4] defined as  

                          Qk,0 = Qk,1= 2, 

                          Qk,n+1=2Qk,n+ Qk,n-1; n≥ 1                                                                                                  [2] 

The Binet`s formula [3]  for k-Pell sequence and k-Pell-Lucas sequence are given by  

                              Pk,n = 
𝑟1
𝑛−𝑟2

𝑛

𝑟1−𝑟2
 ,                                                                                                                   [3] 

                              Qk,n = 𝑟1
𝑛 + 𝑟2

𝑛                                                                                                                 [4]  

Where r1 =1 +  1 + 𝑘  and r2 = 1-  1 + 𝑘  are the roots of characteristic equation of the sequences {Pk,n},{Qk,n} 

respectively. 

And also  

                               𝑟1 + 𝑟2= 2, 

                               𝑟1𝑟2= - k, 

                              𝑟1 − 𝑟2= 2. 

For k = 1, we obtain the silver ratio which is related with the Pell number. Silver ratio is the limiting ratio of 

consecutive Pell numbers. 

 

2. Product of k-Pell Numbers and k-Pell-Lucas Numbers  

Theorem 2.1. Pk,2n.Qk,2n = Pk,4n, where n ≥ 𝟏. 
Proof.  

 Pk,2n.Qk,2n =  
𝑟1

2𝑛−𝑟2
2𝑛

𝑟1−𝑟2
 . 𝑟1

2𝑛 + 𝑟2
2𝑛     

                = 
𝑟1

4𝑛 +(𝑟1 .𝑟2)2𝑛−(𝑟1 .𝑟2)2𝑛−𝑟2
4𝑛

𝑟1−𝑟2
   

                = 
𝑟1

4𝑛−𝑟2
4𝑛

𝑟1−𝑟2
                                                                                                            

                = Pk,4n.                                                                                                                                        [5] 

Theorem 2.2. Pk,2n.Qk,2n+2 =Pk,4n+2 - 2(k)
2n

, where n ≥ 𝟏. 
Proof. 
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Pk,2n.Qk,2n+2 =  
𝑟1

2𝑛−𝑟2
2𝑛

𝑟1−𝑟2
 . 𝑟1

2𝑛+2 + 𝑟2
2𝑛+2    

                    = 
𝑟1

4𝑛+2+𝑟1
2𝑛 .𝑟2

2𝑛+2−𝑟2
2𝑛 .𝑟1

2𝑛+2−𝑟2
4𝑛+2

𝑟1−𝑟2
   

                    = 
𝑟1

4𝑛+2−𝑟2
4𝑛+2

𝑟1−𝑟2
 -  (𝑟1 . 𝑟2)2𝑛 .  

𝑟1
2−𝑟2

2

𝑟1−𝑟2
          

                    = Pk,4n+2 -  (-k)
2n

.2 

                    = Pk,4n+2 -  2(k)
2n

.                                                                                                                      [6] 

 
Theorem 2.3. Pk,2n.Qk,2n+1 = Pk,4n+1 - (k)

2n
, where n ≥ 𝟏. 

Proof. 

 Pk,2n.Qk,2n+1 =  
𝑟1

2𝑛−𝑟2
2𝑛

𝑟1−𝑟2
 . 𝑟1

2𝑛+1 + 𝑟2
2𝑛+1  

                     = 
𝑟1

4𝑛+1+𝑟1
2𝑛 .𝑟2

2𝑛+1−𝑟2
2𝑛 .𝑟1

2𝑛+1−𝑟2
4𝑛+1

𝑟1−𝑟2
 

                     = 
𝑟1

4𝑛+1−𝑟2
4𝑛+1

𝑟1−𝑟2
 + (𝑟1 . 𝑟2)2𝑛 .  

𝑟2−𝑟1

𝑟1−𝑟2
          

                     = Pk,4n+2 -  (-k)
2n

 

                     = Pk,4n+2 -  (k)
2n

.                                                                                                                       [7] 

Theorem 2.4. Pk,2n.Qk,2n+3 = Pk,4n+3 - (k)
2n

(4 -3k), where n ≥ 𝟏. 
Proof. 

Pk,2n.Qk,2n+3 =  
𝑟1

2𝑛−𝑟2
2𝑛

𝑟1−𝑟2
 . 𝑟1

2𝑛+3 + 𝑟2
2𝑛+3  

                     = 
𝑟1

4𝑛+3+𝑟1
2𝑛 .𝑟2

2𝑛+3−𝑟2
2𝑛 .𝑟1

2𝑛+3−𝑟2
4𝑛+3

𝑟1−𝑟2
 

                     = 
𝑟1

4𝑛+3−𝑟2
4𝑛+3

𝑟1−𝑟2
 +  (𝑟1 . 𝑟2)2𝑛 .  

𝑟2
3−𝑟1

3

𝑟1−𝑟2
  

                     = Pk,4n+3 + (−𝑘)2𝑛 .  
(𝑟2−𝑟1)(𝑟2

3+𝑟1
3+𝑟1 .𝑟2)

𝑟1−𝑟2
  

                     = Pk,4n+3 -  −𝑘 2𝑛 𝑄𝑘 ,2 +  −𝑘   

                     = Pk,4n+3 -  −𝑘 2𝑛 4 − 2𝑘 − 𝑘  
                     = Pk,4n+3 -  −𝑘 2𝑛 4 − 3𝑘 .                                                                                                   [8] 

Theorem 2.5. Pk,2n-1.Qk,2n+1 = Pk,4n + 2(k)
2n-1

, where n ≥ 𝟏. 
Proof. 

 Pk,2n-1.Qk,2n+1 =  
𝑟1

2𝑛−1−𝑟2
2𝑛−1

𝑟1−𝑟2
 . 𝑟1

2𝑛+1 + 𝑟2
2𝑛+1  

                       = 
𝑟1

4𝑛 +𝑟1
2𝑛−1 .𝑟2

2𝑛+1−𝑟2
2𝑛−1 .𝑟1

2𝑛+1−𝑟2
4𝑛

𝑟1−𝑟2
 

                       = 
𝑟1

4𝑛−𝑟2
4𝑛

𝑟1−𝑟2
 +  (−𝑘)2𝑛 .  

𝑟2
2−𝑟1

2

 𝑟1−𝑟2 (𝑟1𝑟2)
  

                       = Pk,4n- (𝑘)2𝑛 .  
𝑟1+𝑟2

(−𝑘)
  

                       = Pk,4n + 2(𝑘)2𝑛−1.                                                                                                               [9] 

Theorem 2.6. Pk,2n+1.Qk,2n = Pk,4n+1+ (k)
2n

, where n ≥ 𝟏. 
Proof. 

Pk,2n+1.Qk,2n =  
𝑟1

2𝑛+1−𝑟2
2𝑛+1

𝑟1−𝑟2
 . 𝑟1

2𝑛 + 𝑟2
2𝑛   

                    = 
𝑟1

4𝑛+1+𝑟1
2𝑛+1 .𝑟2

2𝑛−𝑟2
2𝑛+1 .𝑟1

2𝑛−𝑟2
4𝑛+1

𝑟1−𝑟2
 

                    = 
𝑟1

4𝑛+1−𝑟2
4𝑛+1

𝑟1−𝑟2
 + (𝑟1 . 𝑟2)2𝑛 .  

𝑟1−𝑟2

𝑟1−𝑟2
          

                    =  Pk,4n+1 + (k)
2n

.                                                                                                                     [10] 

3. Generalized Identities on the Products of k-Pell Number and k-Pell-Lucas Number 

Theorem 3.1. Pk,m.Qk,n = Pk,m+n - (- k)
m

 Pk,n-m, where 𝒏 ≥ 𝟏, 𝒎 ≥ 𝟎.. 
Proof. 

 Pk,m.Qk,n =  
𝑟1
𝑚 − 𝑟2

𝑚

𝑟1− 𝑟2
 . 𝑟1

𝑛 + 𝑟2
𝑛   

                = 
𝑟1
𝑚 +𝑛 +𝑟1

𝑚 .𝑟2
𝑛−𝑟2

𝑚 .𝑟1
𝑛−𝑟2

𝑚 +𝑛

𝑟1−𝑟2
 

                = Pk,m+n+ (𝑟1 . 𝑟2)𝑚  
𝑟2
𝑛−𝑚 −𝑟1

𝑛−𝑚

𝑟1−𝑟2
  

                = Pk,m+n - (-k)
m
 Pk,n-m .                                                                                                               [11] 

Theorem 3.2. Pk,n.Qk,2n+m = Pk,3n+m - (- k)
n
 Pk,n+m, where 𝒏 ≥ 𝟏, 𝒎 ≥ 𝟎.  

Proof. 
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 Pk,n.Qk,2n+m =  
𝑟1
𝑛− 𝑟2

𝑛

𝑟1− 𝑟2
 . 𝑟1

2𝑛+𝑚 + 𝑟2
2𝑛+𝑚   

                     = 
𝑟1

3𝑛+𝑚 + 𝑟1
𝑛 .𝑟2

2𝑛+𝑚 − 𝑟2
𝑛 .𝑟1

2𝑛+𝑚 − 𝑟2
3𝑛+𝑚

𝑟1− 𝑟2
 

                     = Pk,3n+m + (𝑟1 . 𝑟2)𝑛  
𝑟2
𝑛+𝑚 − 𝑟1

𝑛+𝑚

𝑟1− 𝑟2
  

                     = Pk,3n+m - (-k)
n
 Pk,n+m .                                                                                                         [12] 

Theorem  3.3. Pk,2n+m.Qk,n = Pk,3n+m + (-k)
n
 Pk,n+m , where 𝒏 ≥ 𝟏, 𝒎 ≥ 𝟎.  

Proof.  

 Pk,2n+m.Qk,n =  
𝑟1

2𝑛+𝑚 − 𝑟2
2𝑛+𝑚

𝑟1− 𝑟2
 . 𝑟1

𝑛 + 𝑟2
𝑛   

                     = 
𝑟1

3𝑛+𝑚 + 𝑟1
2𝑛+𝑚 .𝑟2

𝑛− 𝑟2
2𝑛+𝑚 .𝑟1

𝑛− 𝑟2
3𝑛+𝑚

𝑟1−𝑟2
 

                     = Pk,3n+m + (𝑟1 . 𝑟2)𝑛  
𝑟1
𝑛+𝑚 − 𝑟2

𝑛+𝑚

𝑟1−𝑟2
  

                     = Pk,3n+m + (-k)
n
 Pk,n+m .                                                                                                        [13] 

Theorem  3.4. Pk,2n.Qk,2n+m = Pk,4n+m - (- k)
2n

 Pk,m , where 𝒏 ≥ 𝟏, 𝒎 ≥ 𝟎.  
Proof. 

Pk,2n.Qk,2n+m =  
𝑟1

2𝑛− 𝑟2
2𝑛

𝑟1− 𝑟2
 . 𝑟1

2𝑛+𝑚 + 𝑟2
2𝑛+𝑚   

                      = 
𝑟1

4𝑛+𝑚 + 𝑟1
2𝑛 .𝑟2

2𝑛+𝑚 − 𝑟2
2𝑛 .𝑟1

2𝑛+𝑚 − 𝑟2
4𝑛+𝑚

𝑟1−𝑟2
 

                      = Pk,4n+m - (𝑟1. 𝑟2)2𝑛  
𝑟1
𝑚 − 𝑟2

𝑚

𝑟1− 𝑟2
  

                      = Pk,4n+m - (-k)
2n

 Pk,m . 

                      = Pk,4n+m - (k)
2n

 Pk,m .                                                                                                           [14] 

Theorem  3.5.  Pk,2n+m.Qk,2n = Pk,4n+m + (k)
2n

 Pk,m, where 𝒏 ≥ 𝟏, 𝒎 ≥ 𝟎.  
Proof. 

 Pk,2n+m.Qk,2n = 
𝑟1

2𝑛+𝑚 − 𝑟2
2𝑛+𝑚

𝑟1− 𝑟2
 . 𝑟1

2𝑛 + 𝑟2
2𝑛   

                      = 
𝑟1

4𝑛+𝑚 + 𝑟1
2𝑛+𝑚 .𝑟2

2𝑛− 𝑟2
2𝑛+𝑚 .𝑟1

2𝑛− 𝑟2
4𝑛+𝑚

𝑟1− 𝑟2
 

                      = Pk,4n+m + (𝑟1 . 𝑟2)2𝑛  
𝑟1
𝑚 −𝑟2

𝑚

𝑟1−𝑟2
  

                      = Pk,4n+m + (-k)
2n

 Pk,m . 

                      = Pk,4n+m + (k)
2n

 Pk,m .                                                                                                          [15] 

 

II. Conclusion 

 In this paper we established connection formulas between k-Pell number and k-Pell-Lucas number through use 

of Binet`s formula. 
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